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TORSION PAIRS OVER n-HEREDITARY RINGS
DANIEL BRAVO AND CARLOS E. PARRA
Abstract. We study the notions of n-hereditary rings and its connection to
the classes of finitely n-presented modules, FPn-injective modules, FPn-flat
modules and n-coherent rings. We give characterizations of n-hereditary rings
in terms of quotients of injective modules and submodules of flat modules, and
a characterization of n-coherent using an injective cogenerator of the category
of modules. We show two torsion pairs with respect to the FPn-injective
modules and the FPn-flat modules over n-hereditary rings. We also provide
an example of a Be´zout ring which is 2-hereditary, but not 1-hereditary, such
that the torsion pairs over this ring are not trivial.
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Introduction
The notion of torsion pair was introduced in the sixties by S. Dickson in the
setting of abelian categories, generalizing the classical notion of torsion pairs for
abelian groups; see [Dic66]. Since then, the theory of torsion pairs has been greatly
developed and many applications have been given to areas such as representation
theory of Artin algebras, homological algebra, non commutative localization theory,
and tilting theory to mention a few; see [AS05], [BH09], [CT95], [Col99], [GT06],
[HRS96], [Ste75], . The importance of torsion pairs is highlighted by the theorem
of Popescu and Gabriel [Ste75, X, §4] which reduces the theory of Grothendieck
categories to the study of categories of modules of quotients by a hereditary torsion
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pairs. All this have made the theory of torsion pairs a valuable toolkit and an active
research area on its own; see [BP16], [CGM07], [Hrb16], [PS15].
Recently the classes of FPn-injective modules and FPn-flat modules have been
studied in detail, generalized to chain complexes and applications have been given to
cotorsion pairs, duality pairs, and model categories; see [BGH14], [BP17], [ZP17]. In
particular, some of those results showed that over certain generalization of coherent
rings, namely n-coherent rings, the cotorsion pairs are well behaved. In this sense, it
seems natural to investigate whether these classes of modules also fit in the theory of
torsion pairs. Alternatively, one could ask if there are any conditions required on the
ring such that any such torsion pair exist. Following the known facts that the classes
of FPn-injective and FPn-flat modules are closed under products, summands and
extensions, when n > 1, it remains as the main obstacle for these classes of modules
to form part of a torsion pair, to be also closed by either quotients or submodules
(indeed, we already know these classes are closed under pure submodules and pure
quotients).
A classical result from H. Cartan and S. Eilenberg shows that over hereditary
rings the class of injective modules is closed under quotients; see [CE99]. C. Meg-
giben observed a slightly more general result, namely, that over semi-herditary rings
the class of FP-injective modules is also closed under quotients; see [Meg70]. In
this way, we are motivated to investigate such closure properties for FPn-injective
modules over a generalized version of semi-hereditary rings. Thus, we introduce
the concept of n-hereditary rings to reach this goal and to investigate how far the
classes of FPn-injective modules and FPn-flat modules are from being part of a
torsion pair. This motivation naturally leads to investigate any relevant properties
of these rings and its connections to these classes of modules. In fact, we show that
over n-hereditary rings, the class of FPn-injective modules is the torsion class of
a torsion pair, and that the class of FPn-flat modules is the torsion-free class of a
torsion pair. We are also able to provide an example of 2-hereditary ring, that is not
1-hereditary (or semi-hereditary), which shows that the torsion pairs in question
are in fact non trivial.
This article is organized as follows. Section 1 describes the class of finitely n-
presented modules, the basic object of our study; collect some of its properties
and describe a relevant property for the sections to follow that also doesn’t seem
to be available previously in the literature. Section 2 introduces the notion of n-
hereditary rings and investigate its relation with the class of the finitely n-presented
modules and n-coherent rings. The notion of FPn-injective and FPn-flat modules
is recalled in Section 3, where the key relations of these two classes of modules with
n-hereditary rings are also investigated. We also show new a characterization of
n-coherent rings in terms of closure properties of a certain collection of injective
modules and the class of FPn-injective modules. These results are used in Sec-
tion 4 to establish the two torsion pairs over n-hereditary rings, and its connection
with (co)tilting classes; as an application of these results, we get from these tor-
sion pairs a far from obvious results about the class of FPn-flat modules. Finally,
two appendixes sections are added; in the first one, we show that the mentioned
2-hereditary ring example is a 2-coherent, Be´zout ring, but not 1-hereditary, and
the necessary properties which give that the torsion pairs from the previous section
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are not trivial. The second appendix is about a property of Grothendieck cate-
gories that when applied to the setting of modules, gives the key result for the new
characterization of n-coherent rings.
Throughout this paper, R denotes an associative ring with unit, R-Mod denotes
category of left R-modules, and unless otherwise noted, the expression R-module
mean left R-module.
1. Finitely n-presented modules
Let n ≥ 0 be an integer. An R-module M is said to be finitely n-presented, if
there is an exact sequence
Fn → Fn−1 → · · · → F1 → F0 →M → 0,
where the modules Fi are finitely generated and free (or projective) modules, for
every 0 ≤ i ≤ n. Denote by FPn the class of all finitely n-presented modules.
Thus FP0 is the class of finitely generated modules, and FP1 is the class of finitely
presented modules. For convenience, we let FP−1 be the whole class of R-modules.
Also we consider the class, FP∞, of the finitely ∞-presented modules, formed by
modules that posses a resolution by finitely generated free (or projective) modules.
Note that the class FP∞ is not empty, since any finitely generated projective
module is finitely ∞-presented.
We immediately observe the following descending chain of inclusions:
FP0 ⊇ FP1 ⊇ · · · ⊇ FPn ⊇ FPn+1 ⊇ · · · ⊇ FP∞. (1.1)
We include two examples of rings to show how the chain (1.1) behaves; for more
details about these two examples we refer the reader to [BP17].
Example 1. Let k be a field and R be the following polynomial ring:
R := k[x1, x2, x3, . . .]/(xixj)i,j≥1.
In this ring every finitely 2-presented module is finitely generated free. Also we can
quickly check that R/(x1) ∈ FP1 \FP2 and that (x1) ∈ FP0 \FP1. Thus we have
that the chain of inclusions in (1.1) collapses at 2:
FP0 ⊃ FP1 ⊃ FP2 = FPn = FP∞.
The next example shows that (1.1) may never collapse.
Example 2. Let k be a field and consider the following ring:
R := k[. . . , x3, x2, x1, y1, y2, y3, . . .]/(xj+1xj , x1y1, y1yi)i,j≥1
Then (y1) ∈ FP0 \FP1, and (xi) ∈ FP i \FPi+1 for i ≥ 1. Hence in this case, the
chain in (1.1) is strict at every level.
Several results about FPn and FP∞ are collected in [BP17]. We include here
the following results.
Proposition 3. Let n ≥ 0. FPn is closed under cokernels of monomorphisms,
extensions, and direct summands.
The following results also appear in [Bro82], and [Bie76].
Theorem 4. The following conditions are equivalent for every left R-module M
and every n ≥ 0:
(1) M ∈ FPn+1.
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(2) ExtiR(M,−) commutes with direct limits for all 0 ≤ i ≤ n.
(3) TorRi (−,M) commutes with direct products for all 0 ≤ i ≤ n.
The class FP∞ has all the properties from the previous proposition and one
more, as indicated in the following result.
Theorem 5. FP∞ is closed under kernels of epimorphisms.
Remark 6. For any finitely generated module M , we have that Card(M) ≤
max{ℵ0,Card(R)}. Hence we can choose Sn, a set of representatives of finitely
generated modules in FPn, such that every module in FPn is isomorphic to a
module in Sn.
In the next two sections, we will use the class of finitely n-presented modules to
describe two types of rings.
2. n-Hereditary rings and n-coherent rings
As defined in [CE99], recall that a ring is said to be left hereditary if every left
ideal is a projective module. This is also equivalent to saying that every submodule
of a projective left module is also a projective module, or that every quotient (ho-
momorphic image) of an injective left module is injective. A bit more general are
left semi-hereditary rings; that is, rings such that every finitely generated left ideal
is projective. This is equivalent to saying that every finitely generated submodule
of a projective left module is also a projective module, or that every quotient (ho-
momorphic image) of a FP-injective left module is FP-injective [Meg70, Theorem
2]. From these observations we define the following:
Definition 7. A ring is said to be left n-hereditary if every finitely (n−1)-presented
submodule of a finitely generated projective left module is also a projective module.
This way a left 1-hereditary ring is the same as a left semi-hereditary ring,
and if we allow for finitely (−1)-presented modules to be any module, then left
0-hereditary rings coincide with left hereditary. From now on, and unless otherwise
noted, the term n-hereditary ring will mean left n-hereditary ring.
A characterization of n-hereditary rings can be given in terms of the class of
finitely n-presented modules, pd(M), the projective dimension of an R-module M ,
wd(M), the weak dimension of the R-module M .
Lemma 8. Let n ≥ 2. The following statements are equivalent.
(1) R is a n-hereditary ring.
(2) pd(M) ≤ 1 for all M ∈ FPn.
(3) wd(M) ≤ 1 for all M ∈ FPn.
Furthermore if n = 1, then we have the following statement: R is 1-hereditary if
and only if pd(M) ≤ 1 for all M ∈ FP1.
Proof. (1) =⇒ (2): Suppose R is an n-herditary ring and let M ∈ FPn. Consider
the following short exact sequence:
0→ ΩM → Rk →M → 0.
Since ΩM ∈ FPn−1 and R
k is a finitely generated and projective module, then
ΩM is also projective. Thus pd(M) ≤ 1.
(2) =⇒ (3): This is clear, since wd(M) ≤ pd(M) for any M ∈ R-Mod.
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(3) =⇒ (1): Suppose that N ∈ FPn−1 is a submodule of a finitely generated
projective module P . Then P/N ∈ FPn, and so wd(P/N) ≤ 1; hence N is flat.
But n ≥ 2, so N is at least in FP1. Thus, [EJ11, Proposition 3.2.12] gives that N
is projective, showing that R is n-hereditary.
Finally, for the last statement, observe that if I is a finitely generated ideal, then
R/I ∈ FP1 and so I is projective; thus R is semi-hereditary, or 1-hereditary. For
the converse, note that the proof of (1) =⇒ (2) also applies. 
Using this last characterization, we give an example of a (commutative) 2-
hereditary ring, that is not 1-hereditary.
Example 9. Let R = Z⊕
⊕
i≥1 Z/2Z with addition defined component wise, and
multiplication given by
(m, a) · (n, b) = (mn,mb+ na+ ab)
where m,n ∈ Z, a, b ∈
⊕
i≥1 Z/2Z and m · a = (ma1,ma2,ma3, . . .).
From [Vas76, Example 1.3(b)], we have that gl.wd(R) ≤ 1; here gl.wd(R) corre-
sponds to the weak global dimension of the ring R. So in particular, wd(M) ≤ 1, for
any M ∈ FPn and any n ≥ 2. Thus by Lemma 8 we have that R is 2-hereditary.
In Proposition (38) of the Appendix A section, we show that this ring is not a
semi-hereditary ring, or 1-hereditary.
Another immediate observation is that any ring such that gl.wd(R) ≤ 1 is 2-
hereditary. The same proof as in the previous example works, and indeed we note
that it is also n-hereditary for all n ≥ 2, but this is always the case as we observe
next.
As a consequence of Definition 7 and the chain (1.1), if R is n-hereditary, then
R is also k-hereditary for all k ≥ n. Hence, if n-Her denotes the collection of all
n-hereditary rings, then we get the following chain:
0-Her ⊂ 1-Her ⊂ 2-Her ⊂ · · · ⊂ n-Her ⊂ · · · ⊂ ∞-Her , (2.1)
where ∞-Her is the corresponding definition using the class FP∞.
We have given examples of rings that are 0-hereditary, 1-hereditary and 2-
hereditary. Next we show how to get non-commutative n-hereditary rings from
a given n-hereditary ring.
Example 10. Let n be an integer such that n ≥ 1. Then R is an n-hereditary ring
if and only if Mn(R) is an n-hereditary ring. Indeed, the key idea is to observe that
there is an equivalence of between the module category of R-mod and Mn(R)-mod
(see [Lam99, Theorem 17.20]) and that every such equivalence preserve homological
properties such as projective modules and exact sequences, and thus finitely n-
presented modules.
We also give an example which shows that there are rings that are not ∞-Her .
But to do that we need the following result.
Corollary 11. Let n ≥ 0. If R is n-hereditary ring then every ideal I ∈ FPn−1 is
projective.
Proof. The cases n = 0 and n = 1 are known and can be found in [CE99] and
[Meg70] respectively; recall that we are allowing FP−1 = R-Mod.
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Now let n > 1 and suppose R is n-hereditary. Then for any ideal I ∈ FPn−1,
we have that R/I ∈ FPn. Applying Lemma 8 gives us that pd(R/I) ≤ 1, which
implies that I is projective.

Example 12. Let R = Z/4Z. Then the ideal I = 2Z/4Z of R is in FP∞ as the
resolution · · · → Z/4Z
·2
−→ Z/4Z
·2
−→ I −→ 0 shows. However, the ideal I is not
projective, and thus by Corollary 11, we see that R is not n-Her for any n ≥ 0.
We still would like to find an explicit example of a ring that is ∞-Her , but not
n-Her for any n ≥ 0.
Corollary 11 can be thought as a first step in a characterization of n-hereditary
rings in terms of its ideals. Since as noted in the begining of this section the
reciprocal of this corollary works for n = 0, 1, thus it is natural to ask the following.
Question 13. Is the reciprocal of Corollary 11 true? In other words, if every ideal
I ∈ FPn−1 is projective, then is it true that R is n-hereditary?
Also related to the idea of finitely n-presented modules, is the notion of n-
coherent rings, which generalizes that of coherent rings. Recall that a ring R is said
to be left coherent if every finitely generated left ideal of R also is finitely presented.
Another equivalent definition for coherent ring is as follows: R is a left coherent
ring if, and only if, every module in FP1 is also in FP2.
Definition 14. A ring R is left n-coherent if FPn ⊆ FPn+1.
Similarly, from now on, and unless otherwise noted, the term n-coherent ring
will refer to left n-coherent ring. Thus coherent rings are just 1-coherent rings,
and 0-coherent rings coincide with Noetherian rings. The rings in Example 1 and
Example 9 are a 2-coherent ring, however a proof of the latter is given in Proposition
39. The following is an example of an n-coherent ring, for any n ≥ 1.
Example 15. Let S = k[[∂1, ∂2, . . . , ∂n]] be the power series over a collection of n
variables, and consider the S-moduleM = k[x1, x2, . . . , xn] with a linearly extended
S-action given by ∂ixj = δij . Consider now the ring R = S⋉M given by the trivial
extension of the ring S by the S-module M , defined over the set R = {(s,m) : s ∈
S and m ∈M} and with product given by (s,m) · (s′,m′) = (ss′, sm′ + s′m).
Then the ring R = k[[∂1, ∂2, . . . , ∂n]]⋉ k[x1, x2, . . . , xn] is n-coherent. This is a
concrete example of a more general result of J. Roos [Roo82, Theorem A].
Remark 16. Note that if R is n-coherent, then it is also k-coherent, for all k ≥ n.
Thus, if n-Coh denotes the class of all n-coherent rings, and if by convention, we
allow any ring to be ∞-coherent, then we obtain the following chain:
0-Coh ⊂ 1-Coh ⊂ 2-Coh ⊂ · · · ⊂ n-Coh ⊂ · · · ⊂ ∞-Coh. (2.2)
Unlike the situation for n-hereditary rings, we observe that any ring can be
thought as an ∞-coherent ring. Furthermore, there are rings that are never n-
coherent for any n ≥ 0; see [BP17, Example 1.4].
The following theorem states equivalent conditions for the n-coherence of a ring
in terms of finitely n-presented modules.
Theorem 17 ([BP17, Theorem 2.4 and Corollary 2.6]). Let R be a ring and n ≥ 0.
The following are equivalent.
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(1) R is n-coherent.
(2) FPn is closed under kernels of epimorphisms.
(3) FPn = FP∞.
To end this section we establish a connection between n-hereditary rings and
n-coherent rings.
Corollary 18. Let n ≥ 1. If R is n-hereditary, then it is n-coherent.
Proof. Suppose M ∈ FPn. Then from Lemma 8 we have that pd(M) ≤ 1. Hence
in the short exact sequence
0→ ΩM → F →M → 0,
with F finitely generated and free, we get that the syzygy ΩM is also finitely
generated and projective. Therefore ΩM ∈ FP∞, giving us that M ∈ FP∞.

The case n = 0, would say that any hereditary ring is Noetherian, but this
is not the case. Consider, R = k〈x, y〉, the polynomial ring over a field k in
two nonconmuting variables; this is an (right and left) hereditary ring, but not
Noetherian; see [Rot08, Example 4.12].
3. Relative homological algebra over n-hereditary rings
Having mentioned the class of finitely n-presented module, we discuss the relative
homological algebra with respect to FPn and define the corresponding relative
injective modules and relative flat modules.
Definition 19. Let R be a ring, M ∈ R-Mod and n ≥ 0 (including the case
n =∞).
(1) We say that M is FPn-injective if Ext
1
R(F,M) = 0 for all F ∈ FPn. We
denote by FPn-Inj the class of all FPn-injective modules.
(2) We say that M is FPn-flat if Tor
R
1 (F,M) = 0 for all F ∈ FPn. We denote
by FPn-Flat the class of all FPn-flat modules.
With these definitions, M is injective if, and only if, M is FP0-injective, and M
is FP-injective (as introduce by [Ste70]) if, and only if, M is FP1-injective. The
usual flat modules coincide with the FP0-flat modules. Given that any module is
the direct limit of finitely 1-presented modules, and that the functor Tor1(−,M)
commutes with direct limits, then we have that the FP1-flat modules also coincide
with the usual flat modules.
From the descending chain of inclusions (1.1), we get the following ascending
chains of inclusions:
FP0-Inj ⊆ FP1-Inj ⊆ · · · ⊆ FPn-Inj ⊆ · · · ⊆ FP∞-Inj (3.1)
and
FP0-Flat = FP1-Flat ⊆ · · · ⊆ FPn-Flat ⊆ · · · ⊆ FP∞-Flat. (3.2)
For the rest of this article and motivated by these last chains of inclusion, we
focus on the case when n > 1. The following two result appear in [BP17] and list
several properties about FPn-Inj and FPn-Flat
Proposition 20. Let n > 1. The classes FPn-Inj and FPn-Flat are closed under:
8 DANIEL BRAVO AND CARLOS E. PARRA
(1) Direct summands and extensions.
(2) Direct products and direct limits.
(3) Pure submodules and pure quotients.
Given a left R-module M , recall that the character module is defined as the
right R-module M+ = HomZ(M,Q/Z). Similarly, the character module of a right
R-module M is defined in the same way, and it is a left R-module that will be
also denoted by M+. The classes FPn-Inj and FPn-Flat relate well through the
character modules.
Proposition 21. Let n > 1.
(1) M ∈ FPn-Flat if and only if M
+ ∈ FPn-Inj.
(2) M+ ∈ FPn-Flat if and only if M ∈ FPn-Inj.
We provide a result regarding lifting properties of FPn-Inj.
Proposition 22. Let n ≥ 0. M ∈ FPn-Inj if and only if for every diagram with
P ′ ∈ FPn−1 and P finitely generated projective module, there is a homomorphism
P
h
−→M such that hg = f .
P ′ P
M
f
g
h
Proof. Suppose that M has this lifting property. Let F ∈ FPn, and consider
the short exact sequence 0 → P ′ → P → F → 0, with P finitely generated free
and P ′ ∈ FPn−1. Then applying HomR(−,M) to this short exact sequence gives
that Ext1(F,M) = 0, since Hom(P,M)→ Hom(P ′,M) is an epimorphism. Hence
M ∈ FPn-Inj.
Conversely the argument works similarlly, since for M ∈ FPn-Inj we have that
Ext1(P/P ′,M) = 0, given that P/P ′ ∈ FPn, and so Hom(P,M) → Hom(P
′,M)
is an epimorphism. 
The next definition has recently been introduced by M. Pe´rez and T. Zhao in their
study of syzygies and further generalizations to chain complexes; see [ZP17]. Nev-
ertheless we recall these definitions here and investigate its relation to n-hereditary
rings.
Definition 23. Let M ∈ R-Mod and n ≥ 0. The FPn-injective dimension of M ,
which will be denote by FPn-id(M), is given by the smallest integer k ≥ 0 such that
Extk+1R (F,M) = 0 for every F ∈ FPn. Similarly, the FPn-flat dimension of M ,
which will be denote it by FPn-fd(n), is given by the smallest integer k ≥ 0 such
that TorRk+1(F,M) = 0, for every F ∈ FPn.
With this definition at hand and motivated by the work of H. Cartan and S.
Eilenberg [CE99] and C. Megibben [Meg70], we obtain a similar result regarding
when FPn-Inj is closed under quotients and also investigate when FPn-Flat is
closed under subobjects.
Theorem 24. Let n ≥ 1. Then the following are equivalent.
(1) R is an n-hereditary ring.
(2) Quotients of FPn-injective modules are FPn-injective.
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(3) Quotients of injective modules are FPn-injective.
(4) Submodules of FPn-flat modules are FPn-flat.
(5) Submodules of flat modules are FPn-flat.
(6) FPn-fd(M) ≤ 1, for every M ∈ R-Mod.
(7) FPn-id(M) ≤ 1, for every M ∈ R-Mod.
Furthermore, for n = 0 we have that (1) ⇐⇒ (2) ⇐⇒ (3) ⇐⇒ (7) and that
(4) ⇐⇒ (5) ⇐⇒ (6).
Proof. (1) =⇒ (2). Suppose M ∈ FPn-Inj and consider a short exact sequence
with M in the middle:
0→ K →M →M ′ → 0.
For each F ∈ FPn, we consider the following exact sequence
· · · → Ext1R(F,M)→ Ext
1
R(F,M
′)→ Ext2R(F,K)→ · · · .
If R is n-hereditary, then pd(F ) ≤ 1, and therefore Ext2R(F,K) = 0. Also since
M ∈ FPn-Inj, then Ext
1
R(F,M) = 0. This gives us that Ext
1
R(F,M
′) = 0 for any
F ∈ FPn.
(2) =⇒ (3). This implication is easy since every injective module is in FPn-Inj.
(3) =⇒ (7). LetM ∈ R-Mod and denote its injective envelope by E(M). Then,
the short exact sequence
0→M → E(M)→ E(M)/N → 0
gives us that Ext2R(F,M) = 0, for all F ∈ FPn, since by hypothesis E(M)/M ∈
FPn-Inj.
(7) =⇒ (1). Suppose that N ∈ FPn−1 is a submodule of a finitely generated
projective module P . Hence from the short exact sequence
0→ N → P → P/N → 0,
we have that P/N ∈ FPn. Now, to this short exact sequence, apply the functor
HomR(−,M), for any M ∈ R-Mod, and obtain the following exact sequence in
R-Mod:
· · · → Ext1R(P,M) = 0→ Ext
1
R(N,M)→ Ext
2
R(P/N,M)→ · · · .
By hypothesis, we have that FPn-id(M) ≤ 1, hence Ext
2
R(P/N,M) = 0. Since
P is a projective module, we get that Ext1R(N,M) = 0 and therefore that N is a
projective module also.
(4) =⇒ (5). Since every flat module is in FPn-Flat, we get this immediately.
(5) =⇒ (6). Let M ∈ R-Mod, and consider a short exact sequence
0→ K →
⊕
h∈HomR(R,M)
Rh →M → 0,
where Rh = R. By hypothesis, we have that K ∈ FPn-Flat, and so from this
sequence we obtain that TorR2 (F,M) = 0, for every F ∈ FPn.
(6) =⇒ (4). Suppose that we have an exact sequence
0→ N →M →M/N → 0
with M ∈ FPn-Flat. By assumption, we know that Tor
R
2 (F,M/N) = 0, for every
F ∈ FPn, and so from this short exact sequence we have Tor
R
1 (F,N) = 0, for every
F ∈ FPn.
For the rest of the proof, we suppose that n > 1.
10 DANIEL BRAVO AND CARLOS E. PARRA
(4) =⇒ (2). Suppose that we have an exact sequence B → C → 0 with
B ∈ FPn-Inj. Then we get an exact sequence 0 → C
+ → B+, and Proposition
21 tells us that B+ ∈ FPn-Flat. From our hypothesis we get C
+ ∈ FPn-Flat and
therefore by Proposition 21 again, we obtain that C ∈ FPn-Inj.
(2) =⇒ (4). Dual to the proof of (4) =⇒ (2).

We would like to point out a new characterization of n-coherent rings in terms
of the class FPn-Inj. Indeed, several such characterization already are given in
[BP17, Theorem 5.5]. The following result also appears in that same article, but
not precisely in the following format.
Corollary 25 ([BP17, Lemma 5.2]). R is n-coherent if and only if Ext1R(M,N) = 0
for all M ∈ FPn and all N ∈ FPn+1-Inj.
This characterization, given in terms of the class FPn-Inj, makes us wonder if
perhaps a similar characterization of n-coherent rings can be given just in terms
of injective modules. Indeed, this is what we do next, however first we introduce
some notation.
Let I be any injective cogenerator in R-Mod (for example I = HomZ(R,Q/Z),
which can be thought as a left R-module, as explain in the paragraph after Propo-
sition 21) and define the class I as follows:
I =


∏
h∈HomR(M,I)
Ih : where Ih = I and M ∈ R-Mod

 .
Given a class of modules A, we denote by lim
−→
A the direct limit closure in R-Mod
of the class A. We denote by Ω−i(A) the class of all the i-th cozysygies of injective
corresolutions from objects in A.
Theorem 26. Let R be a ring, n > 0 and I as describe above. Then the following
are equivalent.
(1) R is n-coherent.
(2) ExtnR(M,X) = 0 for all M ∈ FPn and all X ∈ lim−→
I.
(3) Ω−n+1(lim
−→
Im(Ψ)) ⊆ FPn-Inj.
A key result for the proof of this theorem is given in general in the Appendix B
section and we refer to it in the proof given below.
Proof. (1) ⇐⇒ (2). Let M ∈ FPn. From Corollary 43 we get that M ∈ FPn+1
if and only if lim
−→
Im(Ψ) ⊆ Ker(ExtnR(M,−)). Since in this case Im (Ψ) = I, then
FPn ⊆ FPn+1 if and only if Ext
n
R(M,X) = 0, for all M ∈ FPn and X ∈ lim−→
I.
(2) ⇐⇒ (3). This follows from dimension shifting. 
A quick application of this theorem gives the following result.
Corollary 27. If the injective dimension of the class lim
−→
Im(Ψ) is at most n, then
R is n+ 1-coherent.
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4. Torsion pairs and n-hereditary rings
As an application, we see that over n-hereditary ring the classes FPn-Inj and
FPn-Flat define torsion classes and torsion-free classes respectively; this allows
us to introduce new torsion pairs. Our approach to torsion pairs is that of B.
Stenstro¨m [Ste75], and so is the general terminology used in the section.
Definition 28. A torsion pair of a (co)complete and locally small abelian category
A, is a pair (T ,F) of classes of A such that:
(1) HomA(T, F ) = 0 for all T ∈ T and F ∈ F .
(2) If HomA(C,F ) = 0 for all F ∈ F , then C ∈ T .
(3) If HomA(T,C) = 0 for all T ∈ T , then C ∈ F .
In this case T is called a torsion class and F is called a torsion-free class. The
pair (T ,F) is called hereditary if T is closed under subobjects.
Given a class C of object in A, we define
C⊥ = {X ∈ A : HomA(C,X) = 0 for all C ∈ C}
and similarly define
⊥C = {X ∈ A : HomA(X,C) = 0 for all C ∈ C}.
This way, for any class C of A, the pair (⊥(C⊥), C⊥) is a torsion pair.
Proposition 29. [Ste75, Theorem VI.2.1 and Proposition VI.2.2] Let T and F be
classes of a (co)complete, locally small abelian category A.
(1) T is a torsion class for some torsion pair if and only if T is closed under
quotients, coproducts and extensions.
(2) F is a torsion-free class for some torsion pair if and only if F is closed
under subobjects, products and extensions.
Let n > 1, and note that the classes FPn-Inj and FPn-Flat in R-Mod are
closed under direct sums and extensions. Given that R is n-hereditary if and only
if FPn-Inj is closed under quotients or FPn-Flat is closed under submodules (see
Theorem 24), then in combination with Proposition 29 we get the following result.
Theorem 30. Let n > 1. The following statements are equivalent:
(1) R is an n-hereditary ring.
(2) The pair (FPn-Inj,FPn-Inj
⊥) is a torsion pair.
(3) The pair (⊥FPn-Flat,FPn-Flat) is a torsion pair.
Next we give several definitions available in the literature regarding tilting and
cotilting modules (see [GT06], [AHHK07])
Let T ∈ R-Mod. We will say that T is a 1-tilting R-module if the following
assertions hold:
(1) T has projective dimension less or equal than 1.
(2) ExtiR(T, T
(I)) = 0, for each integer i ≥ 1 and all sets I.
(3) There exists an exact sequence 0 → R → T0 → T1 → 0 such that Ti is
isomorphic to a direct summands of copies of T , for each i = 0, 1.
If T is 1-tilting R-module, then the pair (Ker
(
Ext1R(T,−)
)
,Ker (HomR(T,−)))
is a torsion pair in R-Mod which is called the 1-tilting torsion pair associated to T ,
and the class Ker
(
Ext1R(T,−)
)
is called the 1-tilting class associated to T .
Dually, C is a 1-cotilting R-module if it satisfies the following conditions:
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(1) C has injective dimension less or equal than 1.
(2) ExtiR(C
I , C) = 0, for each integer i ≥ 1 and all sets I.
(3) There exists an injective cogenerator Q of R-Mod and there exists an exact
sequence 0 → C1 → C0 → Q → 0 such that Ci is isomorphic to a direct
summands of a direct products of copies of C, for each i = 0, 1.
Similarly, the pair (Ker (HomR(−, C)),Ker
(
Ext1R(−, C))
)
is a torsion pair in
R-Mod, called the 1-cotilting torsion pair associated to C whenever C is 1-cotilting
R-module. The class Ker
(
Ext1R(−, C)
)
is called the 1-cotilting class associated to
C.
We say that C is a 1-tilting (respectively 1-cotilting) class if there is some tilting
(repectively cotilting) module M such that C = Ker
(
Ext1R(M,−)
)
(respectively
C = Ker
(
Ext1R(−,M)
)
).
The next theorem follows as an application of [AHHT06, Theorem 2.2]. For
completion we record a weak version of [AHHT06, Theorem 2.2] as the following
proposition.
Proposition 31. Every resolving subclass C of finitely generated modules of pro-
jective dimension at most 1 gives rise to a 1-tilting class of R-modules by assigning
C to Ker
(
Ext1R(C,−)
)
.
Here we say that a class of modules is resolving if it is closed under extensions,
direct summands, kernels of epimorphisms in that class and contains the finitely
generated projective modules. For example, the class of FP∞ is resolving.
Theorem 32. Let n > 1. The following statements are equivalent:
(1) R an n-hereditary ring.
(2) FPn-Inj is a 1-tilting class.
(3) FPn-Flat is a 1-cotilting class.
Proof. (1) =⇒ (2). Since n > 1 and R is n-hereditary, then by Corollary 18 we
have that R is n-coherent. Now, from Proposition 31 and Theorem 17 we get that
Ker
(
Ext1R(FP∞,−)
)
= FP∞-Inj = FPn-Inj
is a 1-tilting class.
(2) =⇒ (3). We use that FPn-Inj is a 1-tiltitng class and apply [GT06, Theorem
8.1.2] to get that FPn-Flat is a 1-cotilting class.
(3) =⇒ (1). If FPn-Flat is a 1-cotilting class, then it is a torsion-free class,
and so it is closed under submodules. Hence by Theorem 24, the ring R is n-
hereditary. 
We note that for the ring from Example 9 the torsion pairs from Theorem 30
are not trivial. This follows from the following result.
Proposition 33. Let R = Z ⊕
⊕
i≥1 Z/2Z as described in Example 9. Then we
have that FP2-Inj ( R-Mod and FP2-Flat ( R-Mod.
Proof. Consider an odd integer m 6= 1 and the ideal (m, a)R. Since (m2, a) =
(m, a)(m, a), then we have the following short exact sequence:
0→ (m2, a)R→ (m, a)R→ C → 0,
where C is the cokernel of the inclusion map i : (m2, a)R→ (m, a)R. We note that
this short exact sequence doesn’t split. In fact, if there is a map q : (m, a)R →
TORSION PAIRS OVER n-HEREDITARY RINGS 13
(m2, a)R such that qi = id, then we have that
(m2, a) = q((m, a)(m, a)) = (m, a)q((m, a)) = (m3n, b),
with n some integer; this can’t be.
From Lemma 41 in the Appendix A, we see that (m, a)R and (m2, a)R are finitely
generated projective modules, and so they are in FP∞, thus making C ∈ FP∞.
Since R is 2-hereditary, it is also 2-coherent and so FP∞ = FP2. Thus we have
that C ∈ FP2 and that Ext
1
R(C, (m
2, a)R) 6= 0. Hence the R-module (m2, a)R 6∈
FP2-Inj, giving us the first statement.
The duality between FPn-Inj and FPn-Flat, gives the last statement. 
Furthermore if the ring is commutative, then the work of Hrbek [Hrb16] allows
us to say a few more results about the torsion pair associated to FPn-Flat.
Corollary 34. Let R be an n-hereditary and commutative ring with n > 1. Then
we have that the torsion pair (⊥FPn-Flat,FPn-Flat) is an hereditary 1-cotilting
torsion pair.
Proof. This follows immediately from [Hrb16, Proposition 3.11]. 
Remark 35. As a consequence of this last result we have a far from obvious
statement about the class FPn-Flat. Namely, that for n > 1 and over an n-
hereditary ring the class FPn-Flat is closed under injective envelopes (see [Ste75,
Proposition VI.3.2])
Corollary 34 also allows us to show that the torsion pair associated to FPn-Flat
is a tCG torsion pair; for the definition of tCG-torsion pairs see [BP16].
Corollary 36. Let R be an n-hereditary and commutative ring with n > 1. Then
we have that the torsion pair (⊥FPn-Flat,FPn-Flat) is a tCG torsion pair.
Proof. From Corollary 34 we have that the torsion pair is hereditary. Since the
class of FPn-Flat is closed under direct limits, then from [BP16, Corollary 3.8] we
have the result. 
Appendix A. Modules over the ring Z⊕
⊕
i≥1 Z/2Z
In this section we show some properties about the ring R = Z⊕
⊕
i≥1 Z/2Z, from
Example 9. In particular we show that it is not a semi-hereditary (1-hereditary),
2-coherent ring, that is also Be´zout and therefore an arithmetical ring. We also
include a property about the projectivity of some of its principal ideals which are
of importance for the torsion pairs of the previous section.
For notational purposes we let A =
⊕
i≥1 Z/2Z, thus R = Z ⊕ A. Recall that
addition is defined component wise, and form,n ∈ Z, and for a, b ∈ Amultiplication
is given by
(m, a) · (n, b) = (mn,mb+ na+ ab),
where ma = (ma1,ma2,ma3, . . .), and ab = (a1b1, a2, b2, a3, b3 . . .). Given (m, a) ∈
R, we define the support of a as
supp(a) = {i ∈ Z : ai 6= 0}.
We begin by observing that this ring is the standard unitification of A, when viewed
as a ring without a unit (see [AF92, §1.1 Exercise 1]). Next, we have the following
technical lemma.
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Lemma 37. For any a ∈ A, the ideal I = (2m, a)R ∈ FP0 \ FP1.
Proof. Clearly I is finitely generated, hence I ∈ FP0. Now consider the map
R
f
−→ (2m, a)R given by f((1, 0)) = (2m, a). A quick computation shows that:
Ker (f) = 0⊕ (Z/2Z)
(N\supp(a))
,
where (Z/2Z)
(N\supp(a))
is the direct sum of Z/2Z in the positions given by N \
supp(a) and 0 otherwise. Note that (0, b)R = 0 ⊕ (Z/2Z)(supp(b)). Let us suppose
that Ker (f) is finitely generated, then we get that:
Ker (f) = (0, a1)R+ · · ·+ (0, an)R ⊆ 0⊕ (Z/2Z)
(∪ supp(ai)) .
This is a contradiction, since Ker (f) = 0⊕ (Z/2Z)
(N\supp(a))
. Hence Ker (f) is not
finitely generated. 
Proposition 38. R is not 1-hereditary.
Proof. Lemma 37 shows a family of ideals I ∈ FP0\FP1; that is finitely generated
ideals, that are not finitely presented. Hence R is not coherent, or 1-coherent, and
the result follows from from Corollary 18. 
Regarding the observation about the non-coherency of this ring we say the fol-
lowing.
Proposition 39. R is a 2-coherent ring.
Proof. This follows directly from Example 9 and Corollary 18. 
From [Vas76, Example 1.3(b)] we know that the localizations of R at its prime
ideals are valuation domains. Thus from [Fai99, Section 6.4] we have that R is an
arithmetical ring (that is, a ring such that the localization at all of its maximal
ideal are valuation rings).
However, we can say more. Indeed, we next show that R is a Be´zout ring, that is
a ring such that all its finitely generated ideals are principal [Fai99, Section 5.4B].
Proposition 40. R is a Be´zout ring.
Proof. Let us consider the following short exact sequence:
0→
⊕
i≥1
Z/2Z→ R
pi
−→ Z→ 0
where pi(m, a) = m. Now let I = 〈(n1, a1), · · · , (nk, ak)〉, be a finitely generated
ideal of R. Since pi(I) is an ideal of Z, we know is a principal ideal and indeed
pi(I) = (n1, . . . , nk) = (d). We now split the proof in two cases depending if either
d is even or odd.
Suppose that d is even. We consider the set S =
⋃n
j=1 supp(aj) and define
a =
∑
i∈S ei, where ei is the element of A with zero everywhere except in i-th
position where it has a 1. Then we claim that I = 〈(d, a)〉. To see this, let
mi := ni/d and check that.
(1) If mi is even, then (ni, ai) = (d, a)(mi, ai).
(2) If mi is odd, then (ni, ai) = (d, a)(mi, a+ ai).
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Hence I ⊂ 〈(d, a)〉. For the other containment we just need a suitable combination
of the generators giving (d, a), and this is not hard to obtain. This concludes the
even case.
Now, suppose that d is odd. We consider the set
J = {a ∈ A : (d, a) ∈ I}
and note that if a, b ∈ J , then ab ∈ J . Indeed, if (d, a), (d, b) ∈ I, then (d, ab) =
(d, a)− (d, b) + (d, a)(1, b) ∈ I.
Since supp(ab) ⊆ supp(a), then there is c ∈ J such that supp(c) ⊆ supp(a), for
all a ∈ J . That is ca = c for all a ∈ J . We, now claim that I = 〈(d, c)〉. From the
definition we have that (d, c) ∈ I, which gives the first inclusion. To see the other
inclusion, let mi := ni/d and check the following.
(1) If mi is even, then (d, ai + c) = (ni, ai)− (d, c)(mi − 1, c) ∈ I. This means
that ai + c ∈ J and thus cai = 0. Now,
(ni, ai) = (ni, ai + cai) = (d, c)(mi, ai)
(2) If mi is odd, then (d, ai) = (ni, ai)− (d, c)(mi − 1, c) ∈ I. This means that
ai ∈ J and thus cai = c, that is, cai + c = 0. Now,
(ni, ai) = (ni, ai + cai + c) = (d, c)(mi, ai)

We add a result about the projectivity of certain principal ideals.
Lemma 41. For any a ∈ A and m any odd integer, the ideal (m, a)R is projective.
Proof. Consider the epimorphism R
f
−→ (m, a)R, which sends (1, 0) 7→ (m, a). Now
consider the homomorphism (m, a)R
g
−→ R given by (m, a) 7→ (1, a). This is a well
defined map since the equation (m, a)(n, b) = 0 implies that (1, a)(n, b) = 0, when
m is odd. Hence any zero divisor of (m, a) is also a zero divisor of (1, a). Now,
since (m, a)(1, a) = (m, a), we quickly check that the composition fg(x) = x for
any x ∈ (m, a)R, giving us a splitting of R. 
Appendix B. A categorical result applied to finitely n-presented
modules
In this appendix we show a result in the general setting of Grothendieck cate-
gories, which when applied to the setting of R-modules provides a characterization
of finitely n-presented modules and therefore of n-coherent rings; namely Theorem
26. Although the proof can be done directly for R-modules, we prefer to show it in
this generality. We recall some concepts of these type of categories; however, for a
general treatment of Grothendieck categories, we refer the readers to [Ste75].
A Grothendieck category, G, is a cocomplete abelian category with a generator
and the direct limits are exact. It is well-known that every Grothendieck category
has a injective cogenerator, that is, an object I that is injective and such that
the functor HomG(−, I) is faithful. Given that every Grothendieck category has
products for every family of objects, we get that the faithful condition on the functor
HomG(−, I) is equivalent to the condition that every object of G is isomorphic to a
subobject of a product of I.
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Given any Grothendieck category G and an injective cogenerator I of G we
consider the functor Ψ : G → G given by
M 7→ IHomG(M,I) :=
∏
h∈HomG(M,I)
Ih,
with Ih = I.
Indeed, this assignment is functorial since if f :M → N is a morphism in G, then
Ψ(f) : IHomG(M,I) → IHomG(N,I) is given by the universal property of the product
in G. That is, Ψ(f) is the unique morphism in G such that piNh ◦ Ψ(f) = pi
M
h◦f ,
where piNh : I
HomG(N,I) → I is the h-projection morphism, where h ∈ HomG(N,G),
and similarly for piMh◦f . Also observe that the functor Ψ comes with a natural
transformation ι : idG → Ψ which is monomorphic.
We will denote by lim
−→
Im (Ψ) the class the objects of G which are a direct limit
of a direct system in Im (Ψ).
Theorem 42. Let G be a Grothendieck category and let M be an object in G.
Consider the functor Ψ described in the previous paragraph and let n > 1. Then,
the functors ExtiG(M,−) : G → Ab preserve direct limits, for each i = 0, . . . , n− 1,
if and only if, the functors ExtiG(M,−) : G → Ab preserve direct limits, for each
i = 0, . . . , n− 2 and lim
−→
Im (Ψ) ⊆ Ker
(
Extn−1G (M,−)
)
.
Proof. Let (Nλ)λ be a direct system in Im (Ψ) and suppose that the canonical
morphism lim
−→
Extn−1G (M,Nλ)→ Ext
n−1
G (M, lim−→
Nλ) is an isomorphism. Since each
Nλ is an injective object of G and that n−1 > 0, then we get that Ext
n−1
G (M,Nλ) =
0. Therefore the previous isomorphism gives that Extn−1G (M, lim−→
Nλ) = 0; that is
lim
−→
Nλ ∈ Ker
(
Extn−1G (M,−)
)
.
For the converse, we only need to check that the functor Extn−1G (M,−) : G → Ab
preserves direct limits. To see this, we consider (Mλ)λ∈Λ, a direct system in G.
Note that from the natural transformation ι of the mentioned before, we get a
direct system of short exact sequences in G of the form:
0→Mλ
ιM
λ−−→ Ψ(Mλ)→ Coker (ιMλ)→ 0.
Since G is a Grothendieck category, we obtain the following exact sequence in G
0→ lim
−→
Mλ
lim
−→
ιM
λ
−−−−−→ lim
−→
Ψ(Mλ)→ lim−→
Coker (ιMλ)→ 0.
Now apply the functor HomG(M,−) : G → Ab to this last exact sequence and
obtain the following commutative diagram with exact rows and where (X,Y )iG
denotes ExtiG(X,Y ).
lim
−→
(M,Ψ(Mλ))
n−2
G
lim
−→
(M,Coker
(
ιMλ)
)n−2
G
lim
−→
(M,Mλ)
n−1
G
lim
−→
(M,Ψ(Mλ))
n−1
G
(M, lim
−→
Ψ(Mλ))
n−2
G
(M, lim
−→
Coker
(
ιMλ
)n−2
G
(M, lim
−→
Mλ)
n−1
G
(M, lim
−→
Ψ(Mλ))
n−1
G
f1 f2 f3
Note that both terms on the right of each row are 0, since Ψ(Mλ) is an injective
object of G and n > 1, and also by hypothesis Extn−1G (M, lim−→
Ψ(Mλ)) = 0. Now,
since f1 and f2 are isomorphisms, then we obtain from the Snake Lemma that f3
is also an isomorphism, thus completing the proof.
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
We apply of this last result to G = R-Mod.
Corollary 43. Let M ∈ R-Mod. Then M ∈ FPn, if and only if, M ∈ FPn−1
and lim
−→
Im (Ψ) ⊆ Ker
(
Extn−1G (M,−)
)
.
Proof. This follows directly from the characterization of Theorem 4 and Theorem
42. 
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